The condition for a lattice Dirac operator D to reproduce correct chiral anomaly at each site of a finite lattice for smooth background gauge fields is that D possesses exact zero modes satisfying the Atiyah-Singer index theorem. This is also the necessary condition for D to have correct fermion determinant ( ratio ) which plays the important role of incorporating dynamical fermions in the functional integral.
INTRODUCTION
Chiral anomaly plays an important role in particle physics. In QCD, the chiral anomaly breaks the global chiral symmetry of massless QCD through the internal quark loop. When the axial current couples to two external photons, the axial anomaly [1] provides a proper account of the decay rate of π 0 → γγ. For the flavor singlet axial current coupling to two gluons, the presence of chiral anomaly but no associated Goldstone boson posed the U A (1) problem which was resolved by 't Hooft, after taking into account of the topologically nontrivial gauge configurations, the instantons [2] . This may also provide an explanation why the η ( η ′ ) particle is much heavier than the π's ( K's ).
Lattice QCD should be designed to provide nonperturbative and quantitive answers to all these and related problems. However, these goals could not be attained if the lattice Dirac fermion operator does not reproduce correct chiral anomaly or the fermion determinant ( ratio ) on a finite lattice without fine-tuning any parameters.
A basic requirement for lattice Dirac operator D is that, on a finite lattice with any prescribed smooth background gauge field which has integer topological charge, D possesses exact zero modes satisfying the Atiyah-Singer index theorem ( i.e., D is topologically proper ) without fine tuning any parameters.
For any topologically proper D, the sum of the anomaly function over all sites must be correct, and is equal to two times of the topological charge of the background gauge field. If the anomaly function of D at some of the sites do not agree with the Chern-Pontryagin density, we can perform the following topologically invariant transformation [3] T (R) :
with some operator R such that D ′ is local, then the anomaly function of D ′ would be in good agreement with the Chern-Pontryagin density at each site 2 . It suffices to choose R to be local in the position space and trivial in the Dirac space. Note that it is not necessary to perform any fine tunings of R since any local D ′ would give the correct chiral anomaly. The set of transformations, {T (R)}, form an abelian group with the group parameter space {R} [4] . From the physical point of view, we must require the existence of a chirally symmetric D c = T (R c ) [D] such that in the free fermion limit D c (p) → iγ µ p µ as p → 0, otherwise, D is irrelevant to massless QCD. In general, we assume that there exists
This is the rejuvenated Ginsparg-Wilson relation [5] . In general, for any D, if the chirally 
THE ANOMALY FUNCTION
Consider a lattice Dirac operator D which breaks the usual chiral symmetry according to
where B is a generic irrelevant operator, and the lattice is finite with periodic boundary conditions. Then we can obtain [4] 
which satisfies the conservation law,
If D does not possess exact zero modes in the background gauge field, then the fermionic average of
However, for any D which does not possess exact zero modes in the background gauge field, the sum of the anomaly function over all sites must vanish due to the conservation law, 
where φ 
THE INDEX THEOREM
Summing Eq. (4) over all sites and using the conservation law Eq. (3), we obtain
This is the index theorem for lattice Dirac operator on a finite lattice, in any background gauge field. However, it does not necessarily imply the existence of exact zero modes nor the compliance with the Atiyah-Singer index theorem. Since D does not have exact zero modes in a trivial gauge background, the index of D must be proportional to Q of the smooth background gauge field. If Q is an integer, then the proportional constant must be an integer, otherwise their product in general cannot be an integer. Denoting this integer multiplier by c[D], we have
where n f is number of fermion flavors. , was first discussed in ref. [6] and was investigated in ref. [7] for the Neuberger operator [8] .
A GENERAL SOLUTION FOR
Now we try to obtain a general solution of A n (x) satisfying (5) and (6), i.e.,
Consider the gauge configuration with constant field tensors,
and other F 's are zero, where q 1 and q 2 are integers. Then the topological charge of this configuration is
which is an integer. If D is local, then A n (x) is constant for all x. We immediately obtain
This is the particular solution of A n (x). The complementary solution to the homogeneous equation
x A n (x) = 0 in general can be written as
where G µ (x) is any local and gauge invariant function. Then the general solution of the anomaly function is the sum of the complementary solution and the particular solution,
In general, G µ ( 
